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Abstract

The lowast order Taum-Dancoff equations for the mzson-nucleon system
ere derived by the mothod of Cini, using thoe vave-~functions defined
by Dysons The contritutions of the mescn end nucleon cell-cnorgios
to the kernsl of the mowantum~spacs integral eguation ere ronormallized.
Their effects are absorbed inte the coupling ¢°, making it momenitum
and energy dependent. The cffective coupling turne out to exhibli en
anomalous behavior, heving a pole for a space-~like momentum, %o which
it is dlificvlt to attzch a sensible physical interpretation.
I. Introduction

Calculations of the meson-mucleon scatiering phase shifis have
recertly been performed by the Tamm-Dancoff Ifiew';hcd.(l) This papor is
essentially a continvation of cne 4n which that wderiaking is re~
ported, The lowestworder Tamm~Dancoff equatlons were there derived
and solved epprewimately by numerical xotheds, with geveral of the
terms in the kermel, namely, those which corrospond to the nuclecn,
meson, and vecuum self-ensrgles, and some which cccur only ia the
I=1/2, 7 =1/2 state, siuply dropped. It is the puvposc of the
present varer to ascertain the effects of the former cxission on the
ssattering phase shifts; in other words to £ind the renormalizaiion
corrections to the scatiering in states in which eithsxr I oz &, or
toth, are different from 1/2.

Cre of the omltted terms, the vacuum self-cnorgy, may be elimincted
by a simple redefinition of the Tamme-Dancoff emplitules, as vwos shown by
Dysone. () in oddition, this redefinition makes pozsible o concisiont

relativistic renormalization of mags aund c}w.rgea(a) In order to periform

(1) M. Fubini Muovo Cimento 1@, 564; F. Dyson, S. Schweber, and
We Visscher Phys. Rev. 90 372,

(2) P. J. Dyson Fhys. Rev. 90 994 (1953). We shall ccll Dysom's
modification of the Tamm~Dancoff theory the DTD theory.

(3) Fc J- DYBOD PhYSO RGV. 2& 4213 1543 (1953)
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a reliably unambiguous separation of the divergent purts of the gell-
energy integrals, 1t is essentiel to write them in a covarlanc form.

For this purpose we use the method of Cini (¢), appilecd to the DID theorye
In part 11T ve reduce the equations derivad in pert I to 2 fom
similar to that obtained fomerly(lz They turn out to be, in fact,
identical; except for some of the self-cncrgy terms, and one of the
terms thet occurrs only in the I =1/2, J = 1/2 state. Thus the olf-
energy corrections which will be derived in Part IV mpy te applicd to
(1

the phase shifts caleulated previocusly. The recults are discusced

in part Vo

II. The Cini pethod applied to the DID ogquations,

We define o twoeparticle amplitudc
P ) - ~
ﬁb()&(x,g;t) = (71/” /é) %} (x) 95“"6;) ‘f’ 'c)) (1)

where gzo {t) is the interucting vacuum siate in thoe interaction rc-
presgentation, (QZ(t) is the real state-vector in the Iatoractica zce
presentation, and‘Q? (x) and 41L(y) are intcraction ropresentatlics opasilore
for the nucleon and mesom fields, respectively. = and y aced 20t bo o ths

w— e
space-like surfsce te Q{ {t) and %%;(t) setisfy the Schradinger equaticn

Al T
It 1c a consequence of equations 1 end 2 thut " 4!
B4 = P g =2 ) = ""50‘(’ |t
..w 4'.':0
{3)

< ‘Io?‘t ") f H A7), [Ht", Wptx) 7”3(“&),]] '7}(’1"))

(4) M. Cint Muovo Clmemto 10 526 (1953)
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if ome requires that the initial ctate g?(~ 29) bo 3 state with one
meson present.
We choose equation (3) as the fundamental equation for our system,

because it will yleld results in & simple way which are equivalent to
the lowest-order TD approximetion. The Teum-Dancoff approximation as
applied to equation (3) may be stated im the following manmer. Cne
arrenges the operators occurring in the jmtegrard in the nozmal order,
(absorption cperators to the right of emlesion operators) ylelding a
sum of terms of the general form of ¢ {z,73%), possibly containing
more than two field operators. We then drop all the terms except those
having exactly the form of @ (f,yjt)e Thet this procedurs is
equivalent to a Tamn-Dancoff approximation mey be ceen in the folloving
wuyo A dlagram is drawn in figure 1 which is a comvenlent way to enumsrate
the non-zero matrix elemenis of the interaction Hamiltomien Iy, Since EH)
contains two nucleon field operators, and ono meson cperator, the none-gere
elemonts are cnly those botween states which differ by zerc or two nucleon
and by oune megon., The limes in Fig. 1 reprosent matrix elements which
connect the "ground state” (1 meson, 1 mucleon in state \P in excess
of those in Qo ) to other states. It is clear that our approiimation
is equivalent to the Tamm-Dancof{ appsroximaticn which restricts the alloved
stetes of the system to the pelid circles in Fig, 1.

When the above procedurc has been carried out, we shall be left with
an integral equation for 4:)?%(;:”5';1;) similar in appesyence to the lowest

order Bethe-~Salpeter equation for tho meson~-muclcon system, with the important

difference that our fiecld operators are in the interaction represcntatlon,

and thelr time-dependence ls lmoum,
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Insorting HI(M,.) =( EE H.i._(" J

Hpw = o6 o s T, ) w0
(4)

into Eq. (3); we obtain 67( t 52
4 ' — ’ 1 - a0 = fJ z.' w
CP?.\(XJ ﬁc t) 4>(‘ O'\G‘ % ) .o e (5)

(B [ 6 Te oo, TF 0 s g, oo 0] ] P
t T
{here gok& rsang g A3, g&:" 3 )
-7 2]

The double commtetor in (5) may, withoub much difficulty, be put
into normal order; 1f one yeloins only those tovms which corvcopond to

a one=meson, one=-nucleon amplitude, it bocomocs

30 St B U+ £ P) Lk For b T by by ()

20 Ay-2) (1-P) Sp { ¥l q/(af‘)‘-l“@)z K.;< LP(vf)C}ttz;Z} cﬁ((w—') a‘,(,uz\
- - o (B)

g<¢&2} 411)7(‘><‘+A%) L{xu)2+<c[>(‘a)4)(e))o< L(,V)q.r\z)z} ( s

X ¥s (1+ £tz w) P )<‘:\}""’7 ‘3(‘?\>‘s Yo Tuls Patur) )
vBly- D) %( Yo ) b @) ¥ L) Yy =iy Plor D Yy (3')4#(“”)2}

(lo )

o XA TeTu Gl du) 0)
LS e ), H Tewd gy, + 4 46005, Vo it v, |
x fe TeTu Py 2)$(w) (L)

By application of the usual rules for drawing the Feymmon diegram
corresponding to a given S-matrix element, the terms6(a) =(6(e) may
be seen to correspord to the time-ordored graphs drawn in Fig. 2.
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It will be noticed that the graphe (a), (b), ond (¢) occur alone, without

their negative-ecnergy intermediate gtate analogs, ard that the vacuwum
self-energy fails to appear at all, in contrast to what one finds with
the old Tamm-Dancoff method. The reason thet these terms do not appeay
1s that the structure of the commtator in Eq. (5) is such that eny
Feynman dlagram representing parts of 1t must have a line connecting
2 wlth x or y, or both.

(5)
If we next insert the propagation fumctlons defined Yy

PLdey 4{’1‘}) = -‘2 Al_-_(x-«a)
glxoy) PCd Gl D= =L S0 )

(dayFep, = -8

= -tS:(aua) 2,490 ()
= 4. Sy CRPD I JEY
<LP(‘3)+(“7>0 T om S;(?"g) 2,4 Yo
SR S R
ey by, = < Ay G-y) 2.0 9o
3 "“ATZ(i‘p 2,54 .
Chpdary, = - B, G- Tocy,
ot A‘;? G- 27 3o for the

vacuum expectation velues in 6(d) and 6 (o) which depend on field operators
at v and 2, we may extend the integration over w im {5) %o all spyco=time,
becauge 6(a), 6(b), and 6(c) are already zero vhen 20 & Ve

The recult
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of this substitution is that (5) becomes

20
bologs€) - Byl = ;cf§ Ax g dwr
e e
&[3 Swe t b Sé.uf} +i- N Az - uf’/'s.:(a”-'f) ij dﬁ(wj \&:“fo)

+ A(‘a-a)g? (2 Yo Si"- ~ar) Uy ST 1)
l ¥s S:<§"“~r) S SF("J‘ i)} 4&()(,«}','“/;)

'ti{ By - 2; S(»e &) 1 A(‘a 2)STx- e)} Y- ®
R e

+A(§~a){ SUx-ur) o SACH - 2) STy ¥ S (o e)j

F 4 kﬁ-"(.__c% 4>$<*,“‘f;dfo)
- 1
+ S (x - 2){ - A(ha VAN A S‘l(ewf; + A*(%-M)K;S’.‘Ca»-w )}
Xl Tl $olr, 1, JQ)}

III. Reduction to the non-covariant forms
It will be noticed from the form of 47 (x9y,t) thet it is
non-gero in four different physiecal situstions(3), Specifically,

deconposing Y and ? into their positive snd negstive energy parts,

b0 - 90T BT ) |



m? -

vhere, for example,
Lﬂ’ ¢
b 0 0 )= (L) dixs ) F)
This decomposition may bLe done explieitly here because the time deperdence
of the interaction representation operators 4) and 3’/ ig kmoun., A non~
+F 'y

zZero ¢ eorresponds to having a meson and a nucleor in the stato g_/
in sxcess of those in %o 3 CP to one more nuclecon and one less megon;
CP* to one more meson and onc less nucleon, 4) to one less moson and
cne less nucleon in q{ than \-:Eo . We will now operate from the left on

Eg. (9) with a positive encrgy projection opsrator for both nucleons and

mesons, vielding a somewhat simplified equation:
(4
+ 7 , + + , - e ‘
4;3( (%, t) - gbx o, 431-00) = 6 [;fajd‘?

{LsS(x )1, A7) SIE) Yy t~-5(x )4, ?)223()3“]

xfcp;u IR TS 5 RS ge{zx, S8 ¥ Sg
(o S:E K St DT+ (k25,0 8)

b 8%y SGBrE) D LT 22T, 2.-%,) o)

+ g
F Sy By 21T) 6 SuT) 1T T 4275, 2, W)l
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This 1s exactly the equation vhich would have beea cbiained il we had
started with CP'H‘in equation 3, WUe will next drop all torms cn the righi-
hand side of e¢q. (10) which contain cither meson or nueleon negative-Lncrgy
emp litudes, This is consistent with the Tamm-Dencoff approximation; thue
dropped componecnts of the wave-function are not cnong thoce connocicd en
figure 1 to the ground state,
The terms in eq. (10) containing A(?) d i’) SL?) S cg and

S($) will drop out in the integratlon ovor S’ao

After dropping the negative-erergy omplitudes, we loke the Fourler

g

v _
transform of equation (10)., Tho expansicn of (P is found %o ba

G{’3 s’-nvcf"a
C,b . Y,t) = j % e 8

Cy

oo g% ST
XZ“O‘( I (1)
e
=P . 3 Ve ,2‘:’{?.,-

where P X = ¥ A= Yol ) E\f:‘. (/V\L“'Y\) )LJ’J%:‘- (/41"1"'85)

(M end M ero tho messes ¢f the nucleon end reson) , ead
Q(ru %ex, t) = (4; t) v "3% %U‘-)) . lore

b,“_ and Otfz <are amihilation cperators for the nueleon and noson,

respectively. Imserting the time deopendence of the state vestors,

Tere o BT Lo
- -t E"H t -
= e (EorHol ¢ )

where M, is the no-interaction Haniltecmian, [ 1o the total oncrgy of

{33}

the system, and Eo‘ is the vacuum state energy, equation 12 becomes ('2 =

.‘,(5-—'- -w%)t
Q-("U\ ':&V ‘t)-‘-c Q(VM «ttﬁ)

wheee O few, 4 = (¢,70) byu % g \j{(&))

With this notation, equation (10) written in mouentun space in tho center-

(34)

of-mass system becomes ( P = momentun of nucleon; & = fomke- 22 )

A



= ' 4 ¢ Yol C ) y)
Lofusrba) s - %Lélé{\_ Smal(, 60 ¥y SA YK n) A ()
3

. e ~
F "P.é.; —I—L(Q‘r‘:):\. )
A« > (,o Py i
< ) LIJ\::’ ’:‘(.(A"’\AJF "‘*.?
- Sa% Sod s U ¥ ST e AT
X<y A>K | (Z6) ¥ AL©) ¥ A7)

M (AN -2

e ) (g, w L,Wﬂ)/z

+<&(9)K‘- /\__(o)&’_—&!'(v‘)) \‘C /(H{}‘)Z /\(3 «) ¥ N(())

MM +E) | o e ] our (it Eore™ 2w ~Z) (15)
+ (‘&\;w,/\f\;u}a_(;uw.)}
En:(,‘z{-'w. t+ W T "“’(;"'E)« j

Here we have, for convenience in the next sceticn, left the seliwcnurgy

'[_'(. (.%2 oo, -5 )

perts in terms of inveriant functions. Uxeept Lo these verns, and fer the
terms involving the energy dencminator ‘/a,f\» t o uvhich contributes enly to
the states for which 1=J: '/ , this equation is identical to that derived
by the old Tamm~Dancoif mcthod ( ) Ve may thovefore cvaluite these
self=energy parts, and use them to find corrcetionz to tha phase shifts
previously calculated, sxeeot Tor the 11 = Yy giates,
IV, Renormalizatlon.

Lt ) )= Y S®@) ¥ h:Z) 0

{26

and Z(f) = S?wiﬂ-sﬁ("mr; S"-(”\:')é

These are the welleknown nucleon and meson self-ensrgy propogotion factors
from second-order perturbation theory whose sirong singularity ot af =0
causes the divergence of their momentum-space integrals. He shall follow

the usual relativistic subtraction procedurcos te extract thelir Tinlle parts,

\
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Fpv—

w10

We take the 4-~dimensional fourier transform of _,Q and ‘2: H

Li(py = g e F ?_Q(g) Atg

PECHER TR INEC SR

These are now relativistically invariant Cunctions of the 4-vector

(17)

momenta £ and 5. . More specifically, f l(¢y is a functicn of (- ¥y

PR A

only , since { , X 2 is the simplest inveriant matris function ,3 { o
/-

Similarly Z(“.:) 1s a function of “K* only, Those facts may be casily

verified by explici* calculation,

(6)

In the usual way, we set the observable (renormalized)purts of

the self-energy operators cquul to the followings

1oLl
Q)= 00 - LLem = (a5 5’"(63){/« o

-
-

S ey Swr)=Sept)-(w z?;é:}
Lpf\%(_“") 251 (HM),Q‘A*‘ SO

i R

(6) P.T. Matthews Phil. Mag. 41 185 (1950)
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I'UCLEON SEIF-ENIRGY RENORMALIZATION
The subtractions indicated in (1§) may be carried ocut by follovirg
+7

exactly the procedure of Karplus and Kroll for the electron self-

energy.

-;. f o\q
.Q(Mr):Sc ‘ TR & Ar@YA'T

(20)
. Y+ M |
=- AL atsy. S“L"‘“T Yo 5 o
(2 (ers) + M > T
e use
\
Vo A 4 (21)
GTE - OY’J\\A*“J("V"Y\
to get
! Sy (=M _{22)

. A ‘f___"__,. O“S S ’ka - . PR ) v M -
(Lo = (27 *g o {LC pravir antJu o [ 370 Jmw)

The denominate of the integrand may be written }: (s pw)t + A" ]L’
where AZ S (w=w?) + M oot (=ud)

We expand the integrand in a pover series in 2u. ; keosping only ithe first
two terms, because the higher ones may be transforned into vanishing

surface integrals, This casts (22) into the form

y+rv y(1=w) = LA

. A 4“%3 \
f26€x) = Lﬁ')g 0)‘ | < /\] (23)

-

e
+F‘*bs\ﬁx ’\j —\

(7) R, Karplus and N.M. Kroll Phys Rev 77. 536 (1950)
\
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Upon carrying out the differcntiation in {23), and rmaking use of the

faects that

(fcr)y £y’ = 0

& - AL
ggut)(c\.t)(k-t) A+ = -;—l"(-—f\ E)g%t YE ATt (24)

we find the following

pyoMo o our?

HQIENE o )"S S’\“* ErnY (A )‘—1

The subtraction procedures (18) may be applied to this equation, and, unking

use of (8)

N e S A 6%\ |

\

ﬂ\
PR | L W g
=T 3 &\u+(/\

one obtains

t‘

Q00 = o Ler-on) S S”

4 4]

w-wt

AZ + (P rmat Ju-uh) Vo

X

9 WU (- )

X {(@-4’1—“"‘)(“‘*" TTAF

R

) -l

(25)

(=7)

(8) R. P. Peynman Phys. Rev, 76 769 (1949)
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where A, M ut (1)

131

It is worthwhile noting that, although it would greatly simplify tho
oximet
Siiivation of (27) to put /Azs © , it may not be done, because (. N

is not an analytic “unction of /AL at /ul: o .
MESON SELF-LENIRGY RENORMALIZATTON

2 (%)= gc"y"?S,}{r;S;@W; 'SF("Z)Z) 4'g

s M r an (28)
\ Pyt pRYE *
= Y J\qP CJ P ‘)"f — Xﬁ' . L
Y P - M (P' "") T M
3y evaluiting the spur here, ome may write
Sy z -4 (A2 - AL
L( \) o el )(‘)_k)z +_M° ‘%T(‘{ \')."PM‘—
Yo AP (
wear—— _‘—- y \" 29)
+ gwH ) P-4 M"]\v"""‘ A
The second term clearly gives no centribuvion to0S s since it will
La

drop out in the first subtraction in (19). This is also true of the first
term, as may be seen by expanding the integrand, as was dome in (23),
We find

. 9
SOUP =ga*2_. - y_tm’-gi..i—-—
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This will completely drop out in the subtracticn {19). Thorefore the
observable parts oi‘z ere all conteined in the third torn of (29), Z.S’ .
Applicsiion of (21) yiclds

t

2
SIS VI P o
3 g, Lg*—f wli=ny 7+ M :)
after & change of variable § = p «uX He dafine

\
A = B | & g d*s { - ‘ et b
J(A’) TR gt: “ ) i‘r; h o w(mw) s\/\".) (31)

{
o S———— % 2
- '5'"*'4\(“\‘«)7‘“""'\:} %
where /\ is a very largo mass.

Using (26), (31) becomes
i1

. . LA “ " (’Jt"f ke
T = - e A >S,: Y S T T P ) E oo

]

The subtractione (19) may be conveniently performed on this expreseion;

&
when one does them, and lets A 2, one obtayns

{
L N v w( "“A)
2 - T 4mg A ul eororme————
Zxt) =g (o) g 0 M- wlew)pt

x{ K u(r-n) w” - ,E (33)

(i)W (Krem?) ¢ ad* - wli-u)

which may be quite accurately epproximated by letting "0 under tho
integral sign. One then obtains

] .
. ! L (ra) X, 3
Z R ?TFZ (< ) J{odb\ e wﬂdll " me 1 Gl
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V. Conelusion

The integrals i‘.n (27), (34) arc elementary, and msy be carried out
without difficulty. The arguments of (). and) are replaced by the

following functions of momentuwn and energy in the center-of-mass system

3 ' >
d € (ju"’(PxA"LE}’) , amd
2
x/mz('/),d‘/'wﬁ . °

Thus (,.p’é"* L M) * becomes *{,\&and(("'a'»(,' M)a‘(e’31' L'M) becomes

A %{’(m—? £, )jpince vhat occurs in (15) 18 ( Tirp) LU(E) L) )

and U(P) catisfies
(7‘?? bed Ey - L'M)‘I‘(i’) = O

=4

— (35)
(Cip) up)) =)
E@(.‘Lf‘») may now be reuwritten in the form
/ c;2>
AN W,-Ph) = | T X i
Ca. (P ;P ) Q & T/ st rective « { Interaction terms) 56
where the luteraction terms include g1l those ob the right-hand-side of
(15) except the self-energy terms, and ,__‘
2 . ' W
‘(62) N "C;{HS’T‘G%&U-* Lo (37)
. - = L L0 p
I et @™ b POt .

The effect of the self-energy terms may therefore be considered as
cauging the coupling constant to become a function of momentum and energy.
When cne calculates the agympt:tic expressions for the integrals (34) and (27)
for Jarge P and inseris them into (37), the latiter bocomes

2 2 : ‘ <}l P
G = < - 3—-§ o D .__.0_(.,, / %
(Z—.?)cf{“;z :':n"*{l Gt TNM T e T A G



Here the first term within the brackets arises from the nucleon self=
energy, the secord from the meson. It is scen that for large p (38) is

2
negative.(q) For A=01t is by definition positive and equal to & /A7 .

Therefore for some [ = K for vwhich A(O(%'j:)e*haa a pole. & pole
in the vave function QAlu,- Po-) wvould imply that’an outgoing wave of
momentum K  was present,; if one assumed an ingoing wave for which

A=0 .« This K , however, with the given energy of the system £,
would form a space~like encrgy-momentum four-vector, which is highly un-
physical, correspording to something like production of particles of
imaginary masse No reconciliation of this nonsensical prediction with
reality has yet becn made, and at present it must be considered as raising
sericus doubt about the validity or consistency of the Tamm~Dancoff
approximation.

I would like to thank F. J. Dyson for suggesting this problem, for

essential guidaace, and for several helpful discussions.

(9)3. H. Dalitz (Private communication) has pointed out an error made
by me in the evaluation of these terms which radically alters their
behavior. His information has prevented the possible publication
of qualitatively wrong results, and is greatly appreciated.
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Diagrams corresponding to the terms of squation 6,
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Time increases
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Mesons

Pucleons

Figwe 1. Intermediate states of the meson - nucleon scattering system
vhich are allowed in the Tamm-Dancoff approximation, Vertisally is
plotied the number of mesons present in the real siate in excess of those

present in the vacuum, horizontally the number of nucleons.



